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I. INTRODUCTION
Fluid/gravity correspondence is one of the most interesting topics arose from studying the surface effect of black hole horizon [1] [2] [3] [4] . It gives an additional support to AdS/CFT correspondence. After the pioneer works by Policastro, Starinets and Son [5] [6] [7] [8] , Bhattacharrya et al. constructed the correspondence involving nonlinear effects of fluid [9] [10] [11] and Eling, Oz et al. established the way of studying fluid/gravity correspondence by membrane paradigm [12] [13] [14] [15] .
Based on the AdS/CFT correspondence, the variation of the boundary radius r corresponds to the RG flow of the dual field theory. In order to consider the behavior of RG flow, Strominger et al. studied the fluid/gravity correspondence on a finite cutoff of space-time [16, 17] . In [18] , they developed a new method to consider the fluid/gravity correspondence on horizon. The Petrov-like boundary condition provides enough constraints to reduce the degrees of freedom of the gravitational perturbations to the degrees of freedom of a fluid on Σ c . By properly identifying the velocity and pressure of the fluid near horizon to the corresponding perturbation terms in the Brown-York tensor, one is able to obtain the Navier-Stokes equation on Σ c from Gauss-Codazzi equation.
The method of using Petrov-like condition on a cutoff surface near horizon is a very powerful way to study fluid/gravity correspondence. By using this method, one is able to obtain the Navier-Stokes equation explicitly from Einstein equation in various spacetime backgrounds. For example, fluid/gravity correspondence with Chern-Simons term and Gauss-Bonnet term were considered in [19] , space-time coupled with scalar fields and electromagnetic fields were considered in [20, 21] and [22, 23] , and Einstein-Dilaton-Axion theory was considered in [24] .
All the works mentioned above studied fluid/gravity correspondence under some specific space-time backgrounds by choosing certain concrete metrics. In [25] , general non-rotating black holes in vacuum background have been studied using initial value formulation without assuming any specific metric and Navier-Stokes equation of the incompressible fluid was obtained. Recently, general rotating black holes in vacuum background was also studied using similar method and an interesting effect was found that the angular momentum of black hole causes a Coriolis force term in the dual fluid equation [26] .
In this paper, we would like to study the effects caused by both matter fields and black hole rotation in fluid/gravity correspondence. One of the motivations to do this is that, based on the basic idea of the previous works on holographic QCD [27] [28] [29] [30] [31] [32] and holographic condensed matter theories [33] [34] [35] , the Einstein-Maxwell-scalar system in the bulk has been successfully used to study the dual field theories at the boundary. Such models have been proved to be very useful in gauge/gravity correspondence. The explicit question we want to ask here is: how will Navier-Stokes equation be modified in general by those matter fields? For this purpose, we will consider an Einstein-Maxwell-scalar system near an isolated horizon. We find that the matter fields of scalar and electromagnetic fields only contribute external force terms to the Navier-Stokes equation.
The paper is organized as follows: In section II, we introduce the action and equations of motion of the Einstein-Maxwell-scalar system and express the components of the null tetrad and metric of (p + 2)-dimensional space-time by their initial data on the horizon. In section III, we introduce a (p + 1)-dimensional cutoff hypersurface Σ c near the horizon and calculate the constraints given by Petrov-like condition C lilj = 0 on Σ c in near-horizon and non-relativistic limit. We then apply the Petrov-like condition to Gauss-Codazzi equation to get the Navier-Stokes equation in section IV. Section V includes conclusion and discussion on our results comparing with other related works.
II. p + 2-DIMENSIONAL SPACE-TIME SETUP
A. Einstein-Maxwell-scalar System
We consider a (p + 2)-dimensional space-time background with a complex scalar field coupled to an electromagnetic field. The action is
where F ab is the field strength of the Maxwell field A a , f (φ, φ * ) is the gauge kinetic function and V (φ, φ * ) is the potential of the scalar field φ. The field strength F ab and covariant derivative D a are defined as
with the complex scalar field φ carrying charge (−e). In this paper, we will use different notations for different kinds covariant derivatives : ∇ denotes the covariant derivative in (p+2)-dimensional space-time,∇ denotes the covariant derivative on the (p+1)-dimensional time-like boundary Σ c and∇ denotes the covariant derivative on the p-dimensional section
Varying the Einstein-Maxwell-scalar action (2.1) with the fields of φ, φ * , A a , and the metric g ab , respectively, we obtain the equations of motion of each fields as
The Ricci scalar and Ricci tensor become
and
where we have defined
We can solve the equations of motion order by order by expanding the fields φ and A a with small r,
with φ (0) (t, x i ) and A a(0) (t, x i ) are the initial data at r = 0. We can use equations of motion (2.3) to express the coefficients of the higher order terms φ (k) and A a(k) in terms of the initial data φ (0) (t, x i ) and A a(0) (t, x i ), although these higher order terms will not contribute to the Navier-Stokes equation.
B. Newman-Penrose Tetrad and Metric
The fluid/gravity correspondence of general black holes in a vacuum space-time background has been studied in [25] . It was shown that, in near-horizon limit and non-relativistic limit, one is able to obtain Navier-Stokes equation describing an incompressible fluid on the hypersurface. Now we are going to study the Navier-Stokes equation in the (p + 2)-dimensional space-time background introduced above.
We choose the black hole horizon to be an "Isolated Horizon (IH)". According to [36] , the definition of an Isolated Horizon is :
) and l is the future-directed null normal of H. H is called a isolated horizon if
(1) H is diffeomorphic to the product S p × ℜ, where S p is a p-dimensional space-like manifold, and the fibers of the projection
(2) the expansion of l vanishes everywhere on H, i.e. ∇ a l a = 0 on H;
(3) the stress-energy tensor T ab is such that −T ab l b | H is future-directed causal for any futuredirected null vector l a and all field equations and Einstein equation hold in a neighbourhood of H;
To describe the geometry of null hypersurface near the horizon, we introduce the Bondilike coordinate system. We use the null tetrad of the Newman-Penrose formalism {n, l, E I } with I = 1, 2, · · · , p and the coordinates (t, r, x i ) with i = 1, 2, · · · , p. The inner product of the null tetrad is n, l = l, n = 1, (2.8a)
Follow the same Bondi gauge and the Bondi-like coordinates (t, r, x i ) near horizon used in [25, 26] , we have
with t is the parameter of the null generator l a of H, x i are the coordinates of S p and r is the affine parameter of n a which is the null tetrad orthogonal to l a and E a I . One can choose the null tetrad as,
where, (U, X i , W I , e i I ) are functions of (t, r, x i ) andÛ =X i =Ŵ I = 0 with "ˆ" denoting the initial value on the horizon H.
The metric is
We define the spin connections of Newman-Penrose formalism using the null tetrad,
(2.14)
ǫ| H is the surface gravity of H and is a constant. By Bondi gauge, it is easy to see that,
where π I is related to the angular momentum of the horizon.
C. Components of the Metric
To solve the evolution of the horizon, we need to know cert initial data including the spin coefficients on H, the Weyl tensor on H, and the metric of p-sphere S p on H. Other physical quantities near horizon can be expressed by these initial data.
First, we expand the metric in small r near horizon and express the coefficients by the initial data on H. The leading order metric in r can calculated by using the first Cartan structure equation,
Therefore, we have the first derivative of the coefficients of metric,
18b)
The second Cartan equation gives us,
Then, by taking the derivative with respect to r of equation (2.18) and using the equation (2.19), we get,
Using the above equations and the fact that π I = −α I andÛ =Ŵ I =X i = 0, we obtain,
, (2.21a)
21b)
which lead to the following metric,
and Brown-York tensor on the hypersurface Σ c := {p ∈ M|r(p) = r c } is related to the extrinsic curvature of Σ c , so we will define a normal covector to calculate the extrinsic curvature first.
The normal covector is defined as
where
The normal vector is
With the normal vector, we can calculate the induced metric
with
The extrinsic curvature of Σ c is
where a, b run through t, x i on Σ c . Since K ab is the tensor on Σ c , we use the induced metric h ab to raise its index to get,
2 ), (3.7a) 
Note that the derivative with respect to t vanishes on H.
B. Brown-York Tensor in Near Horizon and Non-Relativistic Limit
According to the method proposed by [18] , we need to apply the Petrov-like condition
on the hypersurface and take the near horizon and non-relativistic limit of Σ c to get the Navier-Stokes equation. To do so, we introduce a rescaling parameter λ and define a new time coordinate τ = 2ǫλ 2 t. We also choose the radius of Σ c to be r c = 2ǫλ 2 .
The Brown-York tensor is
where t
a(B) b
is the Brown-York tensor of the background. After fixing r = r c and changing
can be expressed in λ as,
Adding perturbations to Brown-York tensor,
we obtain
We also add the perturbation terms to φ and A a as for Brown-York tensor:
and 
Now, we are going to calculate the Petrov-like condition on the hypersurface Σ c . The
Petrov-like condition is
From the tetrad and normal vector defined in the last section, we have 20) and the Petrov-like condition becomes
Note that Riemann tensor can be expressed by Weyl tensor and Ricci tensor as, 
Substituting the Weyl tensor (3.24) into Petrov-like condition (3.21) and using
to rewrite the extrinsic curvature in terms of Brown-York tensor, we obtain
(3.26)
Focusing on the first nonzero order O(λ 2 ) and neglecting the higher order terms in λ, we
After some strait-forward calculations, the O(λ 2 ) terms of Petrov-like condition is obtained,
Here∇ is the covariant derivative on p-dimensional section S p andR ij is the Ricci tensor on the p-dimensional sphere S p in (p + 1)-dimensional hypersurface Σ c which can be calculated from the metricĝ ij , i, j = 1 · · · p. Now we see that the higher order terms of φ field and A a field do not contribute any effect.
IV. FROM PETROV-LIKE CONDITION TO NAVIER STOKES EQUATION
To get the Navier-Stokes equation, we will substitute Eq.(3.28) into Gauss-Codazzi equation. First, we calculate the Gauss-Codazzi equation,
Writing the components explicitly we have:
The equation in order (1/λ) reads The equation in order λ reads,
the zeroth order of λ gives us,
It's the Hamiltonian constraint in the energy-momentum for the corresponding fluid. Thus it is natural to consider the corresponding as,
Substituting equation (3.28) into equation (4.5) and by the correspondence, we have
From the constraint equation of spin-connections of IH derived in [36] , 2ǫθ ′ IJ can be written as,
Using Eq.(3.8), we have To be clearer, we consider the case that the p-dimensional geometry described byĝ ij is flat, which implies thatR ij = 0. Furthermore, if we take p = 3 and define the angular velocity of the reference frame as, 
with the external force term being
.
(4.15)
We note that, to calculate the first two terms in the second line of Eq.(4.15) we have to know the gauge field A a(0) . The true physical initial data on the horizon is F ab(0) . Similar to the analysis in [37] , A a(0) can be fixed from F ab(0) by choosing a proper gauge.
V. CONCLUSION AND DISCUSSION
In this paper, we showed that the effects on the dual fluid by adding the scalar and electromagnetic fields into a space-time background are due to non-zero Ricci tensors determined by Einstein equation. If we turn off φ, F ab and π I , which means we restrict our case to a non-rotating black hole in a vacuum space-time, Eq.(4.12) reduces to the standard Navier-Stokes equation which agrees with the result in [25] . If we only consider the rotation of black hole, our result agrees with the Navier-Stokes equation in [26] .
In [20] , the authors considered a spherical symmetric metric with a φ field, which becomes a constant on the horizon, and concluded that the scalar field does not contribute to the external force in the dual fluid. However in our case, we do not demand the spherical symmetry of the space-time and the scalar field is not isometric on the horizon. Therefore, the scalar field indeed implies the external force in Eq.(4.15)
On the other hand, if we only consider the electromagnetic field and set f (φ, φ * ) = 1, the form of the external force terms we obtained agrees with that of the magnetohydrodynamics equations in [23] .
There are still some interesting problems need to be considered. From Eq. 
